For every α > 0, we show that every C 1+α commutative subgroup of Homeo + (R) has an invariant Radon measure and has a minimal closed invariant set. A counterexample of C 1 commutative subgroup of Homeo + (R) is constructed.
Introduction
In the theory of dynamical systems, the following two facts are well known:
(1) if G is a group consisting of homeomorphisms on a compact metric space X, then G has a minimal set K in X, that is K is minimal among all nonempty G-invariant closed subsets with respect to the inclusion relations on sets;
(2) if G is an amenable group consisting of homeomorphisms on a compact metric space X, then G has an invariant Borel probability measure on X.
In general, these two results do not hold if X is not compact. However, if the topology of X is very constrained and the acting group G possesses some specified structures, then the existence of invariant Radon measures (Borel measures which are finite on every compact set) or minimal sets can still be true, even if X is noncompact.
When X is the real line R and Γ is a finitely generated virtually nilpotent subgroup, Plante obtained the following theorem in [3] . Theorem 1.1. If Γ is a finitely generated virtually nilpotent subgroup of Homeo + (R), then Γ preserves a Radon measure on the line.
Here, Homeo + (R) means the orientation preserving homeomorphism group on R. The following theorem appears in A. Navas' book (see Prop. 2.1.12 in [1] ). Theorem 1.2. Every finitely generated subgroup of Homeo + (R) admits a nonempty minimal invariant closed set.
In this paper, we are interested in the commutative subgroup of Homeo + (R), which consists of C 1+α homeomorphisms with α ≥ 0, and get the following theorem. We should note that there is no requirement of finite generation or even countability for H appearing in Theorem 1.3. This is the key point that differs from Theorem 1.1 and Theorem 1.2.
The strategy to prove Theorem 1.3 is to establish a combinatorial lemma in Section 3 which shows the equivalence between the existence of invariant measures, the existence of minimal sets, and the nonexistence of an infinite tower covering the whole line (see Section 2 for the definition). This together with a generalized version of Kopell's lemma due to A. Navas implies the conclusion.
As a supplement of Theorem 1.3, we construct an abelian subgroup of Homeo + (R) consisting of C 1 diffeomorphisms in Section 4, which has neither invariant Radon measure nor minimal set. Certainly, such groups cann't be finitely generated by Theorem 1.1 and Theorem 1.2.
Notions and Auxiliary Lemmas
In this section, we give some definitions and lemmas which will be used in the proof of the main theorem.
Let G be a subgroup of Homeo + (R). For x ∈ R, we denote the orbit of x by Gx = {g(x) : g ∈ G}. For g ∈ G, we denote by Fix(g) the set of fixed points of g and denote by Fix(G) the set of global fixed points of G. For commuting homeomorphisms, we recall the following facts that we will used frequently. Proof. For any x ∈ Fix(f ), f (g(x)) = g(f (x)) = g(x). Thus g(x) ∈ Fix(f ). Hence g(Fix(f )) ⊆ Fix(f ). Then either α = −∞ (resp. β = +∞) or α ∈ Fix(G) (resp. β ∈ Fix(G)).
Proof. We may assume that α = −∞. Then for any g ∈ G,
Hence g(α) = α. It is similar for β.
We claim that −∞ < α 1 < β 1 < +∞. In fact, since Fix(f 1 ) = ∅, at lest one of α 1 , β 1 is finite. We may assume that α 1 ∈ R. Since H has no global fixed point, by Fact 2.3, there exists
Then either α 2 = −∞ or β 2 = +∞ by the assumption that Fix(f ) = ∅ for every f ∈ H. Similar to the argument of the previous claim, we have
Similar to the above arguments, we can get
Continuing this process, we obtain a nested closed intervals [α 1 , β 1 ] [α 2 , β 2 ] · · · and a sequence f 1 , f 2 , · · · ∈ H such that
and α 2i−1 < −(2i − 1) and β 2i > 2i for each i > 0. Set
Lemma 2.6. Let f be an orientation preserving homeomorphism of R. If f has no fixed point, then f or f −1 is topologically conjugate to the unit translation L 1 :
x → x + 1, by an orientation preserving homeomorphism.
Proof. We may assume that f (0) > 0, otherwise replace f by f −1 .
We need to construct an orientation preserving homeomorphism ϕ of R such that ϕf = L 1 ϕ. Since f has no fixed point, we have
Then ϕ satisfies the requirement.
Lemma 2.7. Let X be a compact metric space and let G be a commutative subgroup of Homeo(X). Then there is a G invariant Borel probability measure on X.
Proof. Let M(X) be the set of all Borel probability measures on X.
Then M(X) is compact under the weak- * topology. For any finite subset F of G, since the group F generated by F is a countable commutative group, we have that the set of common invariant measures of F , Inv(F ) = ∅, by the amenability of F . Thus the family of closed sets {Inv(g) : g ∈ G} has the finite intersection property. By the compactness of M(X), we have Inv(G) = ∩ g∈G Inv(g) = ∅. Proof. Let π : R → S 1 = R/Z be the standard quotient map. Since G commutes with L 1 , we can define a G action on S 1 by
By Lemma 2.7, there exists a G invariant Borel probability measure ν on S 1 . We need to show that ν can be lifted to a G invariant Radon measure µ on R. For any Borel measurable set E of R, define
From the definition, we immediately have that for any t ∈ R,
Since G commutes with L 1 , for any g ∈ G and x ∈ R,
Thus, for any g ∈ G and any Borel measurable set of R,
Hence µ is G invariant. On the other hand, if E is compact, then the summation in 2.2 is finite. Since each summand in 2.2 is no greater than 1, we have µ(E) is bounded. Therefore, µ is a G invariant Radon measure on R.
Now let Λ be a nonempty closed minimal subset of S 1 for the induced G action on S 1 . DefineΛ = π −1 (Λ). We claim thatΛ is a nonempty closed minimal subset of R for the G action. By the minimality of Λ, for any x ∈Λ,
This impliesΛ = π −1 (Λ) = {g(x) : g ∈ G}. Therefore,Λ is a nonempty closed minimal subset of R.
Proof of the main theorem
In this section, we first establish a combinatorial lemma which is key for the proof of the main theorem. 
which contradicts the assumption that µ is a Radon measure.
(3) =⇒ (1) : Case1 Fix(G) = ∅. Then take any fixed point x ∈ Fix(G), the Dirac measure δ x is a G invariant Radon measure. Case2 Fix(G) = ∅. By Lemma 2.5, there exists f ∈ G such that Fix(f ) = ∅. By Lemma 2.6, f (or f −1 ) is topologically conjugate to the unit translation on the real line, i.e., there exits ϕ ∈ Homeo + (R), such that ϕf = L 1 ϕ. Hence the group ϕGϕ −1 commutes with ϕf ϕ −1 = L 1 . By Lemma 2.8, there exists a ϕGϕ −1 invariant Radon measure µ on R.
We claim that µ * := ϕ −1 * µ is a G-invariant Radon measure on R, where ϕ −1 * µ(E) = µ(ϕ(E)), for any Borel measurable set E. This can be seen as follows
for any g ∈ G and any Borel measurable set E. We may assume that Fix(G) = ∅, otherwise any point in Fix(G) is a nonempty closed minimal set. By Lemma 2.5, there exists f ∈ G such that Fix(f ) = ∅. By Lemma 2.6, we may assume that f is topologically conjugate to the unit translation on the real line. As showing in Case 2 in the proof of (3) =⇒ (1), the group ϕGϕ −1 commutes with ϕf ϕ −1 = L 1 . By Lemma 2.8, there is a nonempty closed minimal subset Λ of R for ϕGϕ −1 . Then ϕ −1 (Λ) is a nonempty closed minimal subset of R for G, since
for any x ∈ ϕ −1 (Λ).
The following theorem is due to A. Navas, which is a generalized version of Kopell's lemma.
} be a family of subintervals of [0, 1] that are disposed resecting the lexicographic order. Assume that f 1 , · · · , f d+1 are diffeomorphisms of class C 1+α 1 , · · · , C 1+α d+1 such that f j (I i 1 ,··· ,i j−1 ,i j ,i j+1 ,··· ,i d+1 ) = I i 1 ,··· ,i j−1 ,i j +1,i j+1 ,··· ,i d+1 , for all 1 ≤ j ≤ d + 1. Then α 1 + · · · α d < 1.
Proof of Theorem 1.3. By Lemma 3.1, it suffices to show that there does not exist any infinite tower {(
Assume to the contrary that there exists such an infinite tower. For each d > 0, let
} is a family of subintervals of I := I d+3 and satisfies f j (I i 1 ,··· ,i j−1 ,i j ,i j+1 ,··· ,i d+1 ) = I i 1 ,··· ,i j−1 ,i j +1,i j+1 ,··· ,i d+1 , for all 1 ≤ j ≤ d + 1, by the definition of infinite tower. Applying Theorem 3.2, we have dα < 1. This contradicts α > 0, since d is arbitrary.
A Counterexample of C 1 Subgroup
In this section, we construct an example which shows that Theorem 1.3 does not hold for C 1 commutative subgroups of Homeo + (R). The following construction is due to Yoccoz([4, Lemma 2.1]). (3) For any closed interval K and for any x ∈ I, φ I,K (x) = φ J,K (φ I,J (x)).
Theorem 4.2. There exists a non-finitely generated abelian group G consisting of C 1 orientation preserving diffeomorphisms of R such that there exists an infinite tower {(I j , f j )} ∞ j=1 with f j ∈ G, j = 1, 2, · · · , such that ∞ j=1 I j = R. Then f 1 satisfies • f 1 is a C 1 orientation preserving diffeomorphism of [−1, 1];
• f 1 (±1) = ±1 and f 1 (x) > x for any x ∈ (−1, 1); • f ′ 1 (−1) = f ′ 1 (1) = 1. Next, choose two infinite sequences −2 < · · · < a 2 < a 1 < a 0 = −1 and 1 = b 0 < b 1 < b 2 < · · · < 2 such that lim n→∞ a n = −2, lim n→∞ b n = 2, and lim n→∞ a n−1 − a n a n − a n+1 = 1, lim
For example, we can take a n = −2 + 1 n + 1 , b n = 2 − 1 n + 1 , n = 1, 2, · · · .
